Free classical particles have well-defined momentum and position, while free quantum particles have well-defined momentum but a position fully delocalized over the sample volume. We develop a many-body formalism based on wave-packet operators that connects these two limits, the thermal energy being distributed between the state spatial extension and its thermal excitation. The corresponding 'mixed quantum-classical' states, which render the Boltzmann operator diagonal, are the physically relevant states when the temperature is finite. The formulation of many-body Hamiltonians in terms of these thermally excited wave-packets and the resulting effective scatterings is provided.
Free classical particles have well-defined momentum and position, while free quantum particles have well-defined momentum but a position fully delocalized over the sample volume. We develop a many-body formalism based on wave-packet operators that connects these two limits, the thermal energy being distributed between the state spatial extension and its thermal excitation. The corresponding 'mixed quantum-classical' states, which render the Boltzmann operator diagonal, are the physically relevant states when the temperature is finite. The formulation of many-body Hamiltonians in terms of these thermally excited wave-packets and the resulting effective scatterings is provided.
Connecting wave-packets to quantum particles has been a challenge since the advent of quantum mechanics. Schrödinger was aware of the problem shortly after deriving his equation from de Broglie's matter wave. After various infructuous attempts to establish a one-toone correspondence between wave-packets and free particles, he discovered coherent states of harmonic oscillators, that is, minimum-uncertainty wave-packets in phase space that follow classical trajectories and remain localized at all times [1] . How to describe free particles in terms of wave-packets remained a core problem until the understanding of the openness of the system, the seminal work of Joos and Zeh [2, 3] , and the Zurek decoherence program [4] , showing how decoherence leads to a reduced density matrix for the system that represents an improper ensemble of position-space wave-packets whose widths rapidly decrease toward the thermal de Broglie wavelength.
A challenge remains for the representation of thermal equilibrium: Even for the simplest case of free particles, the classical and quantum representations are totally different. Indeed, while the first reads in terms of particles with a well-defined momentum and position, the second involves states with a well-defined momentum but a position fully delocalized over the sample volume, which are far from any classical-particle state. A representation involving localized quantum states (in the form of wavepackets) is necessary to derive a continuous connection between the quantum and the classical descriptions of a thermal gas.
We provide such a description here and give a representation of an N -particle ideal gas in terms of thermally excited wave-packets that have all the features of classical particles, that is, a well-defined average momentum and position. The present derivation provides a more physical picture of this new formalism than the one proposed recently [5] . In addition to bridging the gap be- * achenu@mit.edu tween traditional quantum and classical representations, the many-body formalism we develop here provides a versatile basis where the wave-packet spatial extension can be chosen at will.
Thermal states are ubiquitous in various area of physics: either as the assumed initial state of the system (and thus the starting point for quantum calculations) or as a state of a reservoir interacting with the system of interest (and thus the central state for describing open systems). Due to this central role, studying different representations of thermal equilibrium is not only an interesting problem by itself, but also a handy tool. The versatile formalism we propose allows one to choose the most adequate basis according to the problem at hand. It can assist in simplifying calculations and facilitating physical interpretation-e.g. the representation of thermal light in terms of photon number or coherent states leads to significantly different calculation methods, one providing easier route than the other in many applications. Because our formalism provides flexibility in choosing thermally excited wave packets, it allows for a versatile representation in terms of states that are physically relevant for finite temperature systems.
The paper is organized as follows. In Sec. I, we first introduce wave-packets and define the creation operator for quantum states having a well-defined momentum and position. Section II shows that a complete basis can be constructed from thermally excited wave-packets. In Section III, we show how to use this basis in a many-body problem. In Sec. IV, we determine the wave-packets that diagonalize the Boltzmann operator e −βH0 , and in Sec. V, we discuss the physical relevance of these states and their link to coherent states for the three-dimensional (3D) harmonic oscillator. In Sec. VI, the practical use of this basis is illustrated by calculating the correlation function through a Green's function procedure. This Section also includes a discussion of the proposed formalism. We then summarize. To make this paper easier to read, we have relegated some algebraic derivations to the Appendixes and only kept the ones having some physical insights in the main text.
I. WAVE-PACKET OPERATORS
Let us consider the |R, K state having a wave function in momentum space reading
where |φ characterizes the momentum distribution around K of the wave packet at hand. By using the |k -state closure relation k |k k| = 1 1 , we find R, K|R, K = φ|φ and the momentum expectation value as
the second term reducing to zero for |φ chosen such that k|φ = −k|φ . For such a |φ , the momentum mean value in the |R, K state is equal to K,
If we now turn to r space and use r|k = e ik·r /L D/2 , with k quantized in 2π/L for a sample volume L D , we find the |R, K wave function in r space as
the second term reducing to zero for r|φ = −r|φ . The mean value of ther operator in the |R, K state is then equal to R,
All this shows that, for a symmetrical |φ the operator a † R,K , defined as |R, K = a † R,K |v where |v denotes the vacuum state, creates a wave-packet with average position R and average momentum K. The state |φ characterizes the wave-packet extension, either in r space around R through r − R|φ , or in k space around K through k − K|φ . From the closure relations of the |k = a † k |v states, and |r = a † r |v states, we find that this creation operator expands as
with k|R, K and r|R, K given in Eqs. (1, 4) . The |φ extension controls the number of |r and |k states making the |R, K wave packet.
For a highly peaked function in k space, that is, k|φ = δ k0 , we find r|φ = k r|k k|φ = L −D/2 ; so, |φ is flat in r space. The a † R,K operator then reduces to
So, for such a |φ , the extension of a † R,K in terms of a † k is highly peaked on a † K but fully delocalized in terms of a † r ; and vice-versa for |φ highly peaked in r space.
II. COMPLETE BASIS MADE OF WAVE-PACKETS
While the |k states form an orthogonal set, i.e., k|k = δ kk , the |R, K states do not, due to their spatial extension. Indeed, we find from Eq. (1)
where the function δ φ (R − R, K − K), given by
characterizes the wave-packet overlap. It is such that δ φ (0, 0) = 1 and δ φ (R, K) ≈ 0 for K or R larger than the φ extension in the respective space. In the case of a highly peaked |φ in k space, that is, k|φ = δ k0 , the δ φ (R − R, K − K) function reduces to δ K K and R, K|R , K reduces to δ K K e iK·(R −R) φ|φ . Although nonorthogonal, the |R, K states still form a complete basis. Indeed, for φ|φ = 1 as taken for simplicity in order to have normalized states, namely,
is the identity operator in the one-particle subspace. The above equation allows us to write the a † k operator in terms of the normalized a † R,K operators as
and similarly for a † r ,
the R, K|k and R, K|r prefactors being given respectively by Eqs. (1) and (4).
More generally, the closure relation in the N -particle subspace
takes a similar compact form in terms of a † R,K operators,
Thus, the a † R1,K1 . . . a † R N ,K N |v states form a complete basis for the N -particle subspace and as such can be used to decompose any state or write any many-body operator.
III. MANY-BODY HAMILTONIANS
We now construct a many-body formalism in terms of the normalized wave-packet operators a † R,K defined above. Using Eq. (12), we first note that the particlenumber operator remains diagonal,
If we now consider the free Hamiltonian, Eq. (12) leads to
with the prefactor given by
In the case of a highly peaked function in momentum space, that is, k|φ = δ k0 , the φ part of the above equation reduces to
In the same way, the two-particle potential of a manybody Hamiltonian
reads, with the help of Eq. (12),
where the scattering amplitude between wave-packets splits as
the q-channel amplitude being given by
The δ φ function that appears in the above scalar product, [see Eq. (9)], forces K to be close to K + q and R to be close to R. For a very highly peaked function in momentum space, u q (R , K ; R, K) reduces to δ K K e i(K+q)·R e −iK·R and we recover the potential given in Eq. (19), as expected. For a broad function, the scattering potential is broadened in space and momentum.
IV. BOLTZMANN OPERATOR
Let us now consider the Boltzmann operator for a free system, namely, e −βH0 with β = (
, the Boltzmann operator in the N -particle subspace takes a diagonal form when written with the help of the |k -state closure relation. Indeed, since e −βH0 |v = |v , we readily find
The a † k operators used in this representation do not depend on the temperature T ; all the thermal energy is carried in the Boltzmann factors e −β k , which physically correspond to the probability for the |k = a † k |v state to be thermally occupied. The |k state eigenenergy is equal to k , and the |k state energy variance σ k = k|H 2 0 |k − k|H 0 |k 2 is equal to zero. (ii) We can also write the Boltzmann operator using the |r -state closure relation, that is
To pass e −βH0 over a † r , we use the relations between the a † r and a † k operators, namely
They readily give
To go further and write Eq. (24) in a diagonal form, we must decouple r 1 from r 1 in the above equation. This is done by splitting e −βH0 as e −βH0/2 e −βH0/2 and by inserting the |r -state closure relation between the two e −βH0/2 operators. This yields
Due to the translational invariance of the system, r 1 |e −βH0 |r 1 depends on |r 1 − r 1 | only, as directly seen from
(28) where λ T is the thermal length that we defined as
and
D is the partition function for one free particle. This shows that r + r − R|e −βH0/2 |r reduces to r − R|φ T with
Equations (26,27) then give
with a † R1,T defined as
which follows from Eq. (25). By noting that the φ T |r 1 − R 1 factor in Eq. (31) can be used in Eq. (24) to produce the a R1,T operator, it becomes straightforward to show that the Boltzmann operator in the N -quantum particle subspace written with the help of the |r -state closure relation as in Eq. (24) also takes a diagonal form
In the next section, we will study the physics associated with the a † R,T operator, and show that it creates a wavepacket with spatial extension λ T around R, and a momentum equal to zero.
(iii) It also is possible to write e −βH0 in a diagonal form in terms of operators that create wave-packets with nonzero momentum, by splitting the thermal energy k B T , as first introduced by Hornberger and Sipe [6] , into a part accounting for the spatial extension of the wave-packet and a part accounting for its kinetic energy, namely
Using Eq. (28), it is then easy to check that r 1 |e −βH0 |r 1 splits as
To go further, we again have to decouple r 1 from r 1 . In the r 1 |e −β R H0 |r 1 part, we use the |r -state closure relation, as done to get Eq. (27), and we obtain Eq. (28) with β replaced by β R . In the r 1 |e −β K H0 |r 1 part of the above equation, we use the |k -state closure relation. This yields
(36) The procedure we have used to obtain Eq. (31) allows us to rewrite Eq. (26) as
the a † R1,K1,T operator being defined as
with |φ T defined in Eq. (30). The above equations are similar to Eqs. (1,4) with |φ replaced by L −D/2 |φ T . It is then straightforward to show that Eq. (24) also reads
which is diagonal in the basis formed by the states
|v . The physics associated with the a † R,K,T operator is discussed in the next section. We will show that this operator creates a wave-packet with average momentum K and average position R, the position extension being controlled by λ T .
V. THERMALLY-EXCITED WAVE-PACKETS
A. Properties of the |R, T = a † R,T |v state Let us first understand the physics associated with the a † R,T operator making e −βH0 diagonal. (i) As seen from Eqs. (28, 30) , the r|φ T wave function is localized at r = 0 with a spatial extension λ T / √ 2; so, the operator a † R,T defined in Eq. (32) creates a wavepacket |R, T = a † R,T |v with wave function r|R, T = r − R|φ T localized around R with a spatial extension also scaling as λ T , the norm of the |R, T state being given by
The scalar product of two |R, T states having the same T is given by
with δ φ T (R) equal to 1 for R = 0 and to ∼ 0 for |R| large compared to λ T . Hence, due to the wave-packet spatial extension, two a † R,T |v states with different R's are not orthogonal. As illustrated in Fig. 1 , when T goes to zero, λ T goes to infinity and the wave-packet is fully delocalized in space: It then looks like a free quantum particle. By contrast, when T goes to infinity, λ T goes to zero and the wave-packet is fully localized in space: It then looks like a classical particle.
(ii) This wave-packet does not move as seen from the mean value of the momentum operatork, which reduces to zero for |φ T being a symmetrical state, k|φ T = −k|φ T (see Appendix B).
(iii) The energy of the |R, T state reads (see Appendix)
which is exactly equal to the energy of a classical particle when the temperature is T : Within the a † R,T representation, the thermal energy entirely lies in the spread of the wave-packet operators.
(iv) The energy variance σ R,T of the a † R,T |v state, found equal to
2 (see Appendix B), is that of a classical particle. So it creates a wave-packet localized around R with a momentum mean value equal to K, its spatial extension scaling as λ T . From (9), the scalar product of two same-T states is equal to
where the extension of δ φ T (R, K), defined in Eq. (10), is now controlled by the temperature T . As illustrated in Fig. 2 , when T goes to zero, λ T goes to infinity and the |R, K, T wave-packet is fully delocalized in space: It then looks like a free quantum particle. By contrast, when T goes to infinity, λ T goes to zero and the wavepacket is fully localized in space: It then looks like a classical particle. We can also note that the above overlap is ∼ 0 for |R| λ T or |K| 1/λ T ; so λ T corresponds to the de Broglie wavelength characterizing the spatial extension of the wave-packet.
(ii) It is possible to show that the |R, K, T wavepacket moves with an average momentum that stays equal to K, despite the wave-packet spatial spread, the K-momentum probability at equilibrium being controlled by the Boltzmann factor e −β K K , as seen from Eq. (39).
We can also calculate the uncertainties in momentum and position. As
T /8, the momentum uncertainty of the |R, K, T state is
Real part (solid lines) and absolute value (dashed lines) of the coordinate representation of the wave-packet state |R, K, T ≡ a † R,K,T |v for increasing temperatures [from (a) to (c)]. When T → 0, the |R, K, T state looks like the free state |K . For non-zero temperature, the thermal energy kBT is distributed between the state spatial extension and its thermal excitation, as evidenced by the state average momentum K.
equal to
and the position uncertainty is equal to (∆x) 2 = λ 2 T /8. Not surprisingly, the fluctuations around the mean position and momentum depend on the wave-packet extension. These uncertainties lead to ∆k x ∆x = 1/2, which shows that the |R, K, T states correspond to minimum uncertainty states, independently from their extension.
(iii) The energy mean value of the |R, K, T state is equal to
This energy has a classical component given by the first term and a quantum component given by the second term. When T → 0, the wave-packet energy tends to the energy of the quantum state |K ; by contrast, for K = 0, we recover the energy of the zero average-momentum state |R, T , given in Eq. (42), which is totally classical.
(iv) Similarly, the variance in energy of the |R, K, T state is given by (see Appendix B)
which again has a classical part and a thermally excited quantum part.
(v) The time evolution of the |R, K, T state follows from Eq. (38) as
This readily shows that the norm of this state stays constant and equal to φ T |φ T /L D . The wave-packet average momentum also stays constant and equal to K, as expected for a non-interacting system having a Hamiltonian equal to H 0 . If we now consider the time evolution of the average position, we find (see Appendix)
with R t ≡ R + Kt/m: The wave-packet moves with a velocity K/m, as a classical particle, without changing its velocity or its symmetrical shape, as can be directly seen from
with r|R, K given in Eq. (4) for |φ = L −D/2 |φ T . We could expect the wave-packet to spread over time because each k component travels at its own velocity, but the approximation k ≈ K + (k − K) · K/m that we used to obtain Eq. (47) amounts to neglecting these other components.
(vi) The |R, K, T states can be interpreted as a form of coherent states. To recognize this, let us consider the Hamiltonian of the 3D harmonic oscillator
where
The wave function of the coherent state |α x , defined as a x |α x = α x |α x , obeys
The solution of this equation reads
where (x αx , k αx ) are related to the real and imaginary parts of α x through
The 3D wave function of the coherent state for a harmonic oscillator thus reads
where r α = (x αx x + y αy y + z αz z) and k α = (k αx x + k αy y + k αz z).
If we now compare this wave function with the one of the |R, K, T state defined in Eqs. (4,48) , namely,
we recognize the coordinate representation of a 3D coherent state by identifying,
Hence the |R, K, T states can be interpreted as the eigenstates of the 3D harmonic oscillator with frequency ω = k B T . Coherent states form a well-known basis that has found numerous physical applications. It is very likely that our |R, K, T states also find various applications.
VI. DISCUSSION
We first wish to note that the splitting of T into T R + T K , as done in Eq. (34), appears in a natural way when considering correlation functions. Indeed, the correlation of two operators, A and B, namely, A(t)B(0) = Tr(A(t)B(0)ρ th ), can be obtained from the thermal density matrix ρ th = e −βH /Tr(e −βH ), which corresponds to the normalized Boltzmann operator in the subspace of interest. The Fourier transform of the correlation function yields the retarded Green's function, which for one free particle reads as (see, e.g., Chap. 4 in [7] )
= dt e iωt Tr e iH0t Ae −iH0t B e −βH0
Tr(e −βH0 )
where Z T = Tr(e −βH0 ). This expression follows from the conventional representation of the thermal state, that is, the eigenstate representation given in Eq. (23), here written in the 1-particle subspace. The same function can be evaluated using the presently developed thermally excited wave packets. This is done by using the Boltzmann operator as written in Eq. (39) and by inserting |k -state closure relations. This yields (see Appendix C)
Identification of this expression with Eq. (56) imposes
which can be evaluated by turning to continuous k. We then find β
K , which just corresponds to Eq. (34).
One important question still remains to be answered: how to choose the appropriate decomposition in T K and T R for a given temperature T . In other words, how much energy should be put into the spread of the wave-packet and how much into the distribution of its momentum? One approach to tackle this issue is to relate the spatial extension with an effective state temperature: The more spread in space, the lower the temperature.
Another approach lies in the search for a connection between quantum mechanics and quantum statistical mechanics. The thermally excited wave-packet representation pins down the two essential features required for thermal states, as argued in a recent work [8] , namely stochasticity and spatial extension of the particle wave function. In a sense, the maximal extension of the wavepacket defines how much stochasticity lies in the state. Hence, the answer to how the thermal energy must be split between the spatial extension of the wave-packet and the momentum distribution can lie in the intrinsic stochasticity of the state. Such an interpretation would support the argument that the stochasticity and irreversibility in statistical mechanics reflects the true features of nature, but this idea needs further investigation.
We wish to also note that, among the current methods that successfully describes many-body systems at finite temperature, molecular dynamics simulations [9] rely on point particles with a finite spatial extension. The spatial extension is defined either by the electronic shell or by the nuclei thermal wavelength obtained from path integral ab initio calculations that account for electronic properties of electrons or nuclei. The advantage of the wave-packet representation we propose here is to treat the particle and wave properties of the matter on equal footing. This is of particular importance for fermions, where the Pauli exclusion principle limits the state occupation in the wave-packet distribution when N ≥ 2. Quantum features are relevant when the density is large enough such that the wave-packets display some nonzero overlap.
In conclusion, we here propose a general formalism that represents thermally-equilibrated systems of free massive bosons or fermions at finite temperature, in terms of thermally-excited wave-packets. This formalism contains an intrinsic flexibility in the spatial extension of the wave-packets created by the operator defined in Eq. (38), which is chosen by splitting the energy according to Eq. (34) [6] . We can then construct a many-body basis composed of wave-packets chosen according to the relevant physical length of the system of interest. These wave-packets, which have the features of classical particles, provide the missing link for a continuous connection between classical and quantum representations of a thermal gas. which reduces to zero for
The energy of the |R, T state follows from Eq. (32) as
To decouple r from r , we rewrite H 0 as k k r − R|k k|r − R . Integrations over (r, r ), readily performed through closure relations, give the r.h.s. of the above equation as
k k e −β k . So, the energy of the |R, T state reduces to
(iv) The energy variance of the a † R,T |v state is given by
2. |R, K, T state 
which is similar to k|R, K in Eq. (1) To go further, we note that φ T |k − K forces k ≈ K. This leads us to expand k as ≈ K + (k − K) · K/m for = 1. So, by setting R + Kt/m = R t , we find
Appendix C: Retarded Green's function
We provide here details for the calculation of the retarded Green's function written in the wave-packet basis (57). Starting from its definition (56) and using the Boltzmann operator represented in the wave-packet basis (39), we insert |k -state closure relations to get
The Green's function given in Eq. (57) then follows from
and the k representation of the |φ T state k|φ T = k|e −βH0/2 |r = 0
